A genuine four-partite entangled state 

Ming-Yong Yqj and Xiu-Min Lin 

School of Physics and Optoelectronics Technology, 
Fujian Normal University, Fuzhou 350007, People's Republic of China 

Abstract 

In a recent paper, a genuine four-partite entangled state is proposed [Y. Yeo and W. K. Chua, 
Phys. Rev. Lett. 96, 060502 (2006)], which has been found to have many interesting entanglement 
properties. We show this state is locally equivalent to some graph states. 
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Quantum entanglement has many applications such as teleportation [l| and dense coding 
Recently Yeo and Chua found a genuine four-qubit entangled state that can be 
used to teleport an arbitrary two-qubit state [3|]. The state proposed in Ref. [sl has 
the form 
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A4B1B2 



with 



= - (loooo) - |0011) - |0101) + |0110)) , 
|C^) = i (11001) + 11010) + 11100) + 11111)) . 
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It has been found that |x ) has many interesting entanglement properties [3|. It has maximal 
entanglement between and B1B2 or between A3B1 and A4B2, while it is not reducible 

to a pair of Bell states. The amount of entanglement between A3B2 and A4B1 has the value 
1 when we use von Neumann entropy as an entanglement measure. It has properties that 



2]. Due to its interesting entanglement 



differ from those of four-party GHZ and W states 
properties, the state |x°°) attracts much attention 

It is not clear why the state |x'^°) has so many interesting entanglement properties. We will 
show |x°°) is locally equivalent to some graph states. First let us give a simple introduction 
to graph states [7,]. Let G = (y,E) be a graph, in which V is the set of vertices and E is 
the set of edges. The graph state \G) corresponding to the graph G is the pure state 



1^)= n Uab\+f, 
{a,fe}eB 

where |+) = (|0) + |1)) /^/2 and Uab is the controlled-phase gate 
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t^a.= |0),(0|„®/^+|l)„(l| 
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For an instance, the graph Ga in FIG. 1(a) corresponds to the graph state 



\Ga) - UA^AjJB^BiUA^BrUAiBi \+) A3 \+) \ + ) B2 ' 



(6) 



Two graphs G = (V, E) and G' = (V, i?') are locally equivalent, if there is a local unitary 
U eU {2Y such that their corresponding graph states 



g') = U\G). 



(7) 



Local equivalence of graphs is connected to a graph transformation called local comple- 
mentation: suppose G = (V, E) is a graph and a E V, the local complement of G at a, 
denoted by (G), is a new graph obtained by complementing the neighborhood of a and 
leaving the rest of the graph unchanged. It has been proved that two graphs G = {V, E) 
and G' = (V, will be locally equivalent if they are related by a sequence of local com- 
plementations, i.e., G' = o . . . o (G) for some ai, . . . , a„ G 0, S]- It can be easily 
found that the graph Ga in FIG. 1(a) and the graph Gb in FIG. 1(b) are locally equivalent 
because they are connected by a local complementation: 

Gb = TA, {Go) . (8) 

The local equivalence between Ga and Gb can be confirmed by the relation between their 
corresponding graph states: 

\Gb) = e^f e-'^'^^'e^^'^^'^'e-'^'^^'" . (9) 

Actually all graphs m FIG. 1 are locally equivalent smce they are connected by local com- 
plementations. For more about graph states we refer to Ref. |7[ and the references therein. 

Our goal is to show is locally equivalent to graph states depicted by graphs in FIG. 
1. It can be easily checked that is locally equivalent to \Gb): 

\x'') = af^a^^H^^\Gb). (10) 

where H^"^ is the Hadamard gate acting on qubit B2. Because graph states depicted in FIG. 
1 are locally equivalent, the state is locally equivalent to all these graph states. Since 
locally equivalent states have the same entanglement properties, the entanglement properties 
of can be obtained by studying the graph state \Ga) or other locally equivalent graph 
states depicted in FIG. 1. It is not hard to find that \Ga) has all the above mentioned 
properties of 

Now we give two more properties about It is known that graph states are also 

stabilizer states P], and the graph state \Gb) is stabilized by the following four independent 
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commuting observables: 

K, = at^a^^a^^a^\ (11) 

K, = at'^a^^a^\ (12) 

K, = at'^a^^^a^\ (13) 

ir4 = cr,^V^afVf. (14) 



From Eq. ( ITOi) we know |x ) is also a stabilizer state and it is stabilized by 





= 0. 


K2 


= a. 




= cr; 


K4 


= cr; 
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(16) 
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that is to say 



K,\x'') = \x"'),^ = l,...A. (19) 

Eq. f|T9l) can be directly checked from the expressions of \x^^) and Ki. ^ 

Another property about is that it also admits a GHZ-argument [9,]. According to 
observables Ki, K2, K4 and 

K,K,K, = a^^a^-af\ (20) 

we can design four different measurement settings. In each measurement setting, the mea- 
surement results on different qubits will have a correlation. The observables Ki, K2, K4 and 
K1K2K4 lead to the following correlations respectively 

m^^mf^mfimf = 1, (21) 

-mf^mf^mf = 1, (22) 

mf'mf^mf'mf' = 1, (23) 

m^^mf^mf^ = 1, (24) 

where m^^ = ±1 and mf^ = ±1 denote measurement outcomes if the qubit ^3 is measured 
in spin-x or spin-z direction. In local hidden variable theories all these four Eqs. (121112^ 
should be satisfied at the same time. However the product of Eq. ( 12T|) . ( l22i) and ( l23l) gives 

m^^m^^mf = -1, (25) 



which contradict with Eq. (12^ . so local hidden variable theories cannot be used to explain 
the measurement results on state Ix^'')- 

In conclusion we have shown that the interesting four-partite genuine entangled state 
proposed in 3] is locally equivalent to graph states depicted by graphs in FIG. 1. This 
finding uncovers the mysteries of the state \x^^) and gives an explanation why it has so many 
interesting entanglement properties. We have also shown \x^^) is a stabilizer state and there 
is a GHZ-argument for Ix^'')- 
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FIG. 1: Four graphs are connected by local complementations: = TA4 [Ga) , Gc = TA3 (Gfe) , Gd = 
TA4 (Gc)- Their corresponding graph states \Gi) ,i = a,b,c,d, are locally equivalent, and they are 
locally equivalent to |x°°). 
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